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ABSTRACT 

Field theory including Supersymmetry and Bose Fermi symmetry is an 
active subject of particle physics and cosmology. Recent and expected obser- 
vational evidence gives indicators for the creation and destruction of normal 
and supersymmetric dark matter in the universe. This paper uses Bogoli- 
ubov transforms in supersymmetric and Bose Fermi form for obtaining the 
vaccuum expectation values at any two times in cosmological and black hole 
geometries. The isotropic Robertson Walker and slightly anisotropic Bianchi 
I geometry mode functions have a differential equation form analogous to 
the supersymmetric hamiltonian. The conditions for mixed and distinct rep- 
resentations for bosonic and fermionic fields of normal and supersymmetric 
partner particles are found. 

l.INTRODUCTION 

One of the fundamental symmetries of nature is expected to be Supersym- 
metry(SUSY). The dark matter in the universe could be neutralinos which 
are likey to be discovered in LHC experiments in a few years. Supersym- 
metric partners and the normal particles have asymmetric production and 
decay , possibly from the inflation and post inflation epoch. The primordial 
black holes and the collapsed matter black holes in both dark matter and 
normal matter are active subjects of research. The Fermi Bose symmetry , 
or exchange symmetry is a subset of the SUSY and also occurs in nuclear 
physics and in condensed matter physics. This occurs in the form of an 
exchange Hamiltonian giving rise to hyperfine structure in nuclear spectra 
and as Fermi Bose joint quantisation in anyonic systems in condensed matter. 
The quantum group representations give a commutator and anti commutator 
algebra ; a "g" commutation algebra; of which the Fermi and Bose algebras 
are special cases. Grassmanian and normal co-ordinates can be used to ex- 
press the Fermionic and Bosonic systems in superspace and do SUSY Yang 
Mills gauge theories, while superstring and supergravity theories have SUSY 
buih in.[Ref 1 to 22] 

Local Lorentz invariance, asymptotically free field theories and the CPT 
theorem and possibly locality are usually assumed to hold. This gives the 
normal particles/SUSY particles a definite spin, half integer or integer, and 
spin statistics theorems prohibit mixing of the spin multiplets. However 
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in rapidly accelerating frames such as during inflationary cosmology and in 
collapsing stars into black hole horizons at the singularity ; and in interacting 
field theories it is possible that the conditions to mix the spin multiplets 
can arise. This is expressed as generalised Bogoliubov transforms on the 
commutation algebra. In the particular geometries in the early universe and 
in late collapse of black holes, these transforms can be calculated and the 
conditions derived that mix or do not mix the spin multiplets of Fermions 
and Bosons. The Fermi Bose symmetry breaking gives an insight into the 
interior of black holes as well as in the creation of normal and dark matter 
in cosmology. [Ref 1 to 22] 

In this paper the framework of supersymmetry and distinct and mixed 
Bose Fermi representations are created in curved spacetime using Robertson 
Walker and Bianchi I geometries. The Bogoliubov transforms between any 
two times for the commutation preserving algebra of operators are obtained. 
This gives conditions on the creation and destruction of normal and super- 
symmetric partner particles of bosonic, fermionic type. The supersymmetric 
hamiltonian is seen to have a similar structure to the evolution equation for 
the field modes in these geometries. This allows a construction of a specific 
framework for quantum fields in the universe. 

2 SUPER SYMMETRIC FUNDAMENTAL FIELD THEORY 

In SUSY Yang Mills field theories the consistency of symmetries and 
structures arising from them was developed in earlier work [Ref 2 to 5]. 
The combined representation of fermionic (finite sector) and bosonic (infinite 
sector) require a Grassmannian and normal space. This occurs naturally in 
quantum groups on the operator algebra. 

The mixed systems with a = 1, 2, ...n for Bose case 

and the i = l,2...m for Fermi case give rise to a 

supersymmetric transform in b'^b, f'^f in Bose sector and 6^/ in Fermi 
sector expressed as a matrix operator 



The matrix Bogoliubov transforms act on this operator causing mixed 
sectors. 

Exchange terms in Hamiltonians for interacting Bose and Fermi systems 
in nuclei have such terms creating hyperfine spectral lines. [Ref 12]. 

In the early universe it is expected that broken SUSY allows the Fermi 
and Bose sectors to decouple and superselection rules apply that prohibit 
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mixed state representations due to local Lorentz invariance. However in the 
accelerated geometries we have the possibility of violating these conditions 
and permit more general Bogoliubov transforms on each sector as well as on 
the whole system. 

In the N particle Hilbert space Hn for indistinguishable particle states 
the permutation group Sn acts with a [Ref 2,3] 

projection operator defined by = ^ T,{seSN) xTi^) 
where character of 9 and dimension of 6 are inserted. 
Then HN{e) = PeH^ 

and a particular choice of the irreducible representation 6 of Sn is made. 

The superselection sectors correspond to various 9. The union over 9 of 
the projection operators is the total set of observables. These generate a 9 
statistics for a fixed 9. 

The Bose and Fermi case are the special cases of representations of Sjq 
with ]^ E s and ^ E sign{s). 

The Z2 graded then gives the standard symmetric and antisymmetric 
case for quantum states. The generalised Bogoliubov transforms extend to 
these observable algebras in d and N — d dimensions. 

^{d) ® ^{N-d) direct product representation. With SUSY it is pos- 

sible to obtain a doubling of particle states as normal and SUSY partners 
and that allows a swap of the statistics. 

For the Fermi to Bose and Bose to Fermi exchange of statistics transforms, 
superspace coordinates are convenient to give a unified framework. The " 
No superposition between states belonging to different sectors " condition 
can be relaxed in interacting field theories with no asymptotic free particle 
states, in curved space time geometry with finite time Bogoliubov transforms 
and for any non inertial frames with no unique vaccuum state. 

Q \ B >=\ F > and Q"^ \ F >=\ B > operators are required. 

3. THE BOGOLIUBOV TRANSFORMS ON THE FERMI BOSE SYS- 
TEMS 

The creation and anhilation operators p and / transform as 

f = af + pp ; 

and similarly the adjoint case, and for the bosonic b operators . 
This transform is anti commutator and commutator algebra preserving 
for the conditions 
I a P ± I /? |2= 1 

for Fermi(-I-) and Bose(— ) sign cases 
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The number operator is b^b for bosonic and p f for fermionic case and 
its expectation value is 

< I I >==| /3 p 

More generally the a and (3 can be matrices for multimode systems. The 
transforms with the q deformed commutation were also given in [Ref 17]. 
The traceclass and Hilbert Schmidtt condition on the /?/?^ is required. 

A more general Bogoliubov transform can be defined that acts on the 
supersymmctric matrix operators above and can give distinct as well as mixed 
sectors as special cases. 



and its inverse can be defined to make the Bogoliubov transforms invert- 
ible. Ref(Berezin) 

i/jip* traceclass, Hilbert Schmidtt 
and 00* has a Predholm determinant 
give a proper canonical transform iff 

For matrix operators and ip this property becomes 
00t = / + ^-01 

and 0'0*'' = ^00*^ 

With these the system of many bosonic and fermionic variables can be 

treated. 

Using the analysis of bosonic and fermionic coherent and squeezed states 
generated by Unitary operators involving products of creation and anhillation 
operators, denoted B, it is possible to write this general Bogoliubov transform 
of matrix form as a unitary operator with a angle [0, tt] such that Exp{iB) has 
fermionic or bosonic or mixed sector representations. The Baker Campbell 
identity for exponentiated products of operators has to be used. 

Positive energy solutions for Fermions and vanishing commutators at 
spacelike separations for Bosons, with a vaccuum state defined for each al- 
lowed and transformed / |0>=0,fe|0>=0 

Mixed operators can be defined as fb"^ ^b^ f 

and pb ± bp 

for the bosonic b and fermionic / operators and their adjoints. 
Also [/,/]±, [f,b]± , [b,b]±, and their adjoints; 

and similarly for the operators' algebra with their adjoints is defined such 
that 



( 



t 
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f, f^h commute with the H 
such that [Q, H]_ = Q for the supersymmetric charge operator Q. 
This Q = bp and = b^ f 
[Q, gt]+ = H; and[Q, H]_ = 0,[Q\ H]_ = 

while [g,g]+ = = [gt,gt]^ 

This generates a closed system of supersymmetric algebra with the su- 
persymmetric hamiltonian H and charge Q. 

The general Bogoliubov transforms act upon these operators as automor- 
phisms preserving the algebraic structure. 

The half integer fermionic and integer bosonic representations have equal 
time commutation relations as propagators in field theory. 

These get modified for two time commutations between two spacelike 
hypersurfaces in geometries that have timelike Killing vector, every where 
orthogonal to spacelike hypersurfaces, using Bogoliubov two time transforms. 
A particular supersymmetric representation of these operator algebras and 
their Bogoliubov transforms has a correspondence with the equation for the 
field modes in the curved spacetime geometries as shown in this paper. Hence 
there is a physically significant realisation of the mathematical structures in 
our universe. 

4. RIEMANNIAN SPACE TIME OF GENERAL RELATIVITY AND 
BOSE FERMI COMMUTATION ALGEBRA 

Fulling and Birrell and Davies [Ref 1,6] gave conditions on Bogoliubov 
transforms in curved space time. For transforms taken at two times in the 
evolving universe a cosmological model scale factor , such as in Robertson 
Walker (isotropic) or Bianchi I (anisotropic) model could be used. These 
metrics are also useful in the interior solution of a black hole for end stage 
of collapse. 

The Number operator is found in vaccuum states at two times. This is 
a situation for the beginning time from big bang to a later time ; or black 
hole formation to evaporation, and between any two intermediate times in 
universe, and from any time to the end stage of collapse time in black holes. 

The accelerated geometry in all these cases gives non zero values for the 
number operator , contributing to particle creation. 

Bosonic operator algebra is commutative and related to symplectic and 
Lorentz groups while Fermionic operators are anticommutative related to ro- 
tational and unitary symmetry. The vaccuum expectation values are respec- 
tively antisymmetric and symmetric in their arguments. These differences are 
at the level of the operators and their representations. The automorphisms 
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that leave these structures invariant are the Bogohubov or hnear canonical 

transforms. The Hilbcrt space of states have the permutation group projec- 
tion operators and superselection rules on the Bosonic and Fermionic sectors 
in free field theories in fiat space time. These can be generalised to mixed, 
and direct product representations in Supersymmetry for interacting fields 
in curved spacetime as shown below. 
< 0(*i) I iV(*2) I Qih) pp^ 

where /3 is a function of the accelerated geometry scale factor and the two 
times ti,t2 

This can be written as < 0*^ | Too(t2, x) \ 0*^ >= and 
<0*i I Too{t2,x) I 0*1 >^0 
for the stress energy tensor. 

In supersymmetric quantum theory we define the operator Q such that 
[Q,Q^+ = QQ^ + Q^Q = H 

We could write all possible bilinear quadratic products of the bosonic and 
fermionic operators and their adjoints. 

This constitutes the complete set of commutation sub algebra. 
For example b\f, fh\ hf\ 

and various hermitian and anti hermitian linear combinations. A hamil- 
tonian can be defined for the supersymmetric charge Q and its representation 
found in terms of the bosonic and fermionic operators. 

with [H,Q]_ = Q=[H,Q^]_ 

The hamiltonian H can have a representation as 

As seen in the next section in a number of cases of curved space geometry, 
the differential equation obtained for the mode functions Xk{fi) are of this 
form. Hence they are like eigenfunctions of the supersymmetric hamiltonian. 

Hence the representation for the Bose , Fermi operators can be obtained 

as 

Bosonic : -^-\-W{x) and the adjoint = + W{x) 

and the fermionic: f — a+ and p — (T_ 

with (T(z,±) being the Pauli spin matrices of SU{2) 

The commutator of the b and equals to ^ 

and anticommutator of the / and equals to 1. 

Then the Q = bf and Qt = ^ty = 

for [/,/t]_ = a. 

These relations can be extended for multi mode systems as matrices using 
direct products between the operators; and they represent bosonic anhilation 
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with fermionic creation for Q and the converse for , as required . Mixed 
state representations can be obtained by using the generahsed Bogohubov 
transform. 

The formal similarity between the supersymmetric hamiltonian and the 
evolution equation for the mode functions x ^ seen in next section , with the 
variable x replaced by rj allows construction of supersymmetric Bogoliubov 

transforms in curved spacetime. Moreover some of the neccessary conditions 
for non violation of superselection rules become relaxed or invalid in curved 
spacetime. 

With accelerated geometry and non inertial reference frames, in which to 
define quantum states, we can have the possibility of supersymmetric sector 
mixing Bogoliubov transforms. Hence the mechanism for creation of both 
normal particles and supersymmetric partners of particles exists. 

5. SUSY BOGOLIUBOV TRANSFORMS ON CURVED SPACETIME 

The formal similarity of the supersymmetric hamiltonian with the evolu- 
tion equations for modes of the fields in the cosmological spacetime geometry 
is intriguing. As initially the supersymmetry generators were defined as an 
extended Poincare group algebra , that is a spacetime related property. Later 
in Yang Mills gauge theory the SUSY was related to the internal symmetries, 
with graded Lie algebras and superspace. However taking the view that a 10 
dimensional space with six dimensional compactified Tian Yau or Calabi Yau 
spaces with a direct product with a four dimensional Riemannian spacetime 
is the theory of the universe ; consistent with observations in high energy 
physics and astrophysics, it appears that SUSY provides the link between 
internal(dynamical) and kinematical (external) symmetries in a unified fun- 
damental field theory in ten dimensions. [Ref 17] 

In the Robertson Walker and Bianchi I geometries the mode functions 
Xkiv) transform and give the Bogoliubov transform coefficients 

The (3 factors in the Bogoliubov transforms give the condition on number 
operators to have expectation values given by 

I R |2= Sinh\'^) 
I I Sinh{^)Sinh{^) 

where uj± = 0.5(a'j ± cjj) ; 

and Ui is frequency at initial time and cof is frequency at final time. 
The scale factora(i) of the geometry dS"^ — dt^ — a^{t)dx^ 

and the C{rf) = a^{ri) with 

/ a{f])drj — /* dt as the scale factor 
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and C(r/) = a^{t). 

Then c(r/) = A + Btanh^prj) becomes A ± S as r/ becomes ± infinity. 
Introducing three parameters A, 5, p we get the mode functions that sat- 
isfy the equations 

^ + (P + C(r/)m2)xfc(r;) = 

giving uji = + m^(A - 5))V2 
and a;/ = (i^^ + ^2(^ ^ ^))i/2 

It is these equations that can be compared with the supersymmetric 
Hamiltonian , with the VF^(?7) and ^^^^^ terms. In that notation the collec- 
tion of all operators 6, /, Q, H and their adjoints were constructed and now 
these have a specific realisation in terms of the field mode function equation 
in the curved space time geometry. 

These mode functions allow construction of the coefficients for the Bo- 
goliubov transforms on the operators. 

For example, b{tf) = a^tf,u)Kti) + P(tf,u)^Kti) 

Then the (3f5*{tf,ti) gives the non zero expectation values and particle 
creation. 

Following [REF 1] this gives the required | /3 p as above. 

The particle creation rate can be found. Depending on the Fermi or 
Bose fields used these expressions are found for normal and supersymmetric 
partners. 

In the cosmological models with a 10~^ anisotropy as seen from WMAP 
data, the Bianchi I model with slight anisotrpic case gives the same expression 
as above with the term modified by 

a^cosec^{ri) where a is the anisotropy parameter. 

A similar expression will be used for slightly anisotropic collapse in inte- 
rior solution of a black hole geometry. 

Similar to the number operator expectation values , we can also find the 

vaccuTim expectation values of components of the stress energy tensor 

<o(/)i^M.^|oW> 

<0(/)|0(i)> 

between any initial and final time vaccuum states in the geometry. 

The geodesically incomplete spacetimes ; that is the initial big bang and 
the final collapse to a singularity in black holes require that these expectation 
values will be non zero. We can find them for the bosonic and fermionic cases 
as well as the supersymmetric and mixed representation cases. 

6. IMPLICATIONS FOR COSMOLOGY MODELS 

In cosmology the analysis above can be used in four cases: 
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1. Prom initial big bang to some later time 

2. From collapse of primordial black hole to its evaporation 

3. From any finite time to a later finite time 

4. In collapse of material in a future geodesically incomplete region. 
The time dependent Bogohubov transforms in the accelerated geometry 

are used in the first case, for example in the inflation with scalar field and 
baryogenesis epoch. The Robertson Walker or Bianchi I models are used in 
third case for isotropic and slightly anisotropic expansion of the universe. 
The interior solutions of the primordial black holes are modeled with the 
Robertson Walker/ Bianchi I metrics for second case. And with the initial 
and final time interchanged for the fourth case. The generahsed supersym- 
metric Bogoliubov transforms are used for normal and dark matter creation 
and anhillation , with particles and their supersymmetric partners. [Ref 17 to 
22] 

7. IMPLICATIONS FOR BLACK HOLE MODELS OF COLLAPSE 
AND EVAPORATION 

These can arise from above analysis in four cases: 

1. Primordial black hole formation and evaporation 

2. Collapse of stellar mass or higher mass into horizon and infall in to 
possible singularity 

3. Black hole evaporation 

4. SUSY, normal and dark matter black holes 

As above the primordial black hole case is common and gives a parti- 
cle and supersymmetric particle production rate. The second case requires 
interior solution which is modeled as Robertson Walker for symmetric and 
Bianchi I for asymmetric collapse. The third case is the standard Hawking 
effect. In the fourth case the generalised Bogoliubov transforms arc used 
for normal and dark bosonic and fermionic matter to be created and de- 
stroyed. [Ref 17 to 22] 

8. CONCLUSION 

There are a large and growing number of publications on the astrophysical 
implications of supersymmetric dark matter in cosmology and black holes. 
This paper attempts to find a Bogoliubov transform approach to obtain- 
ing the conditions for supersymmetry and Bose Fermi symmetry in curved 
spacetime. This will enable the understanding of the collapse to a black hole 
in which Fermion and Boson number are not preserved and do not directly 
affect the metric of the geometry. The correspondence between the interior 
solution in black holes and the cosmological models of an expanding universe 
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give the means to both create and destroy normal and supersymmetric part- 
ner particles. This is seen best in the contribution to cosmology of primordial 
black holes in their formation and evaporation by quantum processes. 

The significant result of this paper is to provide a model for normal and 
dark matter creation in SUSY and broken SUSY regimes in the early universe 
, using curved spacetime Bogoliubov transforms of bosonic and fermionic field 
operators. [Ref 1 to 22] 
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